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Abstract
According to the theory of materially uniform but inhomogeneous bodies, when the symmetry group of a material is
continuous it induces a non-uniqueness to the uniform reference. Therefore, it is possible, that by manipulating the
symmetry group the inhomogeneity of the material – namely, the dislocations – may cancel out. A solid mathematical
framework is constructed in order to describe this situation using the language of exterior calculus. We set down a
system of exterior differential equations which when solved render the totality of the uniform references that may
be healed by a given symmetry group. From a mathematical point of view these equations have the form of Cartan’s
equations of structure. We present the generic set of solutions of these equations and then specialize to the particular
case of an isotropic solid body.
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1. Introduction
The theory of materially uniform but inhomogeneous bodies has been presented by Noll [1] in a seminal paper
and expanded by Wang [2]. A recent monograph by Epstein and Elzanowski [3] (see also Esptein [4]) describes
this theory in a thorough and apt way while giving variable extensions and applications. Our approach on some
topics may be seen in the work of Sfyris [5, 6]. According to this theory, the continuous symmetry group
of a material induces a non-uniqueness to the uniform reference. The uniform reference is the quantity that
characterizes the field of dislocations in the body.
Thus, it is possible, that by manipulating the symmetry group, the inhomogeneity of the material – namely,
the dislocations – may cancel out. The purpose of the present contribution is to establish a rigorous mathematical
framework where this situation is described in mathematical terms. Using the theory of exterior calculus [7, 8],
we set down a system of exterior differential equations. By solving them we obtain the totality of uniform
references that may be healed by a known symmetry group. The system has the form of Cartan’s equation of
structure.
The generic form of solutions for this system is given. After that we specialize to a solid body. For solid
bodies there are two cases where the symmetry group of the material is continuous: isotropy and transverse
isotropy [3]. For an isotropic solid body we obtain a system of three recursive forms. We give the generic form
of the solution of this system, so we obtain the totality of uniform references that may be healed from the
symmetry group of an isotropic solid body.
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The paper is structured as follows. Section 2 gives the statement of the problem in mathematical terms. We
start by characterizing the ‘healing’ of dislocations by the symmetry group of the material and translate it to
an exact mathematical framework using the theory of exterior calculus. We parallel this system with Cartan’s
equations of structure and give the generic set of solutions. Section 3 specializes to the isotropic case. By
assuming the symmetry group to consist of orthogonal matrices we solve the system of exterior differential
equations, thus finding the totality of uniform references that may be healed by the symmetry group of an
isotropic material. Section 4 concludes this approach and directs future developments on the topic.

2. Statement of the problem and general solution
Our body is assumed to be a solid body placed in a reference configuration BR . The symmetry group of the
material is denoted by C and for an arbitrary element C ∈ C it holds that [9]
W (F) = W̃ (FC)

(1)

where F is the deformation gradient from the tangent space of BR to the tangent space of the current configuration BC . Essentially, C ∈ C is a mapping of the form TX BR → TX BR (automorphism) such that equation (1)
holds [10], W being the elastic energy.
The field of dislocations is described by the uniform reference K−1 [1, 3]. From the physical point of view
it describes the relaxation of the body from the internal stresses due to the dislocations presence [11]. It is a
mapping from BR to the uniform reference configuration BU . The latter configuration is obtained by relaxing
the body from the internal stresses. When indicial notation is used we write capital Latin indices for quantities
in BR , small Latin indices for quantities in BC and small Greek indices for quantities in BU .
The dislocation density tensor is described by the formula [12, 13]
α̃ = CurlK−1 ,
for its two-point expression or by

α = α̃KT ,

−1
α̃Cα = ABC KαA,B
T
αDC = α̃Dα KαC

(2)
(3)

for its full material expression. The permutation symbol is denoted by .
Given the uniform reference K−1 the symmetry group induces a non-uniqueness described by the formula
[1, 3]
K̂−1 = K−1 C, C ∈ C.
(4)
So, a question that naturally arises is whether or not we can choose C in such a way that the field K̂−1 corresponds to an ideal elastic material, while the field K−1 corresponds to a truly dislocated body. If this is the case
we may say that the dislocations are healed by the symmetry group of the material. This happens when there
exists a ϕ ∈ C 1 (R3 ) such that
K−1 C = ∇ϕ, C ∈ C.
(5)
In this case the symmetry group cancels the field of dislocations out since we have

while

CurlK−1 = 0,

(6)

CurlK̂−1 = 0,

(7)

K̂−1 being a gradient. In essence, the dislocation density tensor that corresponds to the uniform reference K̂−1
describes a non-dislocated body, while the dislocation density tensor that corresponds to the field K−1 describes
a truly defected medium. By applying the Curl operator on both sides of equation (5) we take
CurlK−1 C + K−1 CurlC = 0.

(8)

We recast the above mathematical framework into the language of exterior calculus. This way we obtain a
system of exterior differential equations for the field K−1 when the symmetry group of the material is given. By
solving this system we obtain the totality of the uniform references that may be healed by the known symmetry
group.
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Essentially, we assume that the symmetry group of the material, C ∈ C, is given, and we view equation (8) as
an equation for K−1 which is the unknown. By solving this equation we will obtain the totality of Ks that result
in a zero distribution of dislocation density (CurlK̂−1 = 0) after the action of the symmetry group according to
equation (4) when simultaneously K−1 is Curl-free.
Instead of working with K−1 we utilize its inverse, K. So, equivalently to equation (4) we have
K̂ = C−1 K,

C ∈ C.

(9)

In the language of exterior forms, K belongs to the space 13,1 [8], where kr,s is the space of matrix r by s forms
of degree k [7]. So, the field K is described by three 1-forms. For the components of the symmetry group we
have C ∈ 03,3 , hence nine scalar functions, since 0 stands for the space of forms of degree zero, namely scalar
functions.
By applying the exterior derivative operator, d, on both sides of equation (9) we obtain [7]
dK̂ = dC−1 ∧ K + C−1 dK,

(10)

where the symbol ∧ corresponds to the wedge product following the standard notation of exterior calculus.
Since we assume that K̂ corresponds to an ideal elastic body we have
dK̂ = 0,
since in this case K̂ corresponds to exact forms. Thus, equation (10) becomes


dK = − CdC−1 ∧ K.

(11)

(12)

This is the main equation we work with. When the symmetry group is known, C ∈ C, equation (12) can be solved
for K. This way we obtain the totality of uniform references K that may be healed from a given symmetry group.
Namely, all those Ks that after the action of the symmetry group according to equation (9) will give a Curlfree K̂. In order to view equation (10) correctly we have to supplement the necessary integrability conditions.
Equations of the form of equation (12) are well studied in the theory of exterior differential systems [7].
We briefly present the fundamental steps in solving general differential systems of exterior forms. Our
approach relies heavily to the work of Edelen and Lagoudas [7, 8]. A system of degree k and class r of exterior
differential equations on a star-shaped domain is written as
d = − ∧  + ,
d = − ∧  +  ∧ ,
d = − ∧  + ,
d = − ∧  +  ∧ ,

(13)
(14)
(15)
(16)

2
where  ∈ kr,1 ,  ∈ 1r,r ,  ∈ k+1
r,1 and r,r . When r = dim(S) and k = 1 we refer to Cartan’s equations
of structure. It should be noted that ,  and  correspond to the connection 1-forms, curvature 2-forms and
torsion (k + 1)-forms of the differential system [equations (13)–16)]. The terminology connection, curvature
and torsion is not directly related to the terms that Noll [1] used, for appropriate solderings must done before
the juxtaposition of these notions (see Edelen and Lagoudas [8]).
The generic set of solutions for the system in equations (13)–16) is given as [7]

 = A{d + η − H(θ ∧ d )},
 = A{dη + θ ∧ η + H(dθ ∧ d ) − θ ∧ H(θ ∧ d )},
 = (Aθ − dA)A−1 ,
 = A(dθ + θ ∧ θ)A−1 ,

(17)
(18)
(19)
(20)

where A is the attitude matrix that satisfies the integral equation
A = I − H(A)
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and
= H(A−1 ),
η = H(A−1 ),
θ = H(A−1 A).

(22)
(23)
(24)

The linear homotopy operator H is defined by the action on a form of degree k, ω = ωi1 ...ik (xj ) dxi1 ∧ ... ∧ dxik as
 1
X · ω̃(λ)λk−1 dλ,
(25)
Hω =
0
j

j

where ω̃(λ) = ωi1 ...ik (x0 + λ(xj − x0 )) dxi1 ∧ ... ∧ dxik is a linear homotopy of ω, · is the inner product between
∂
forms and vectors and X = (xi − xi0 )∂i = { ∂λ
(xi0 + λ(xi − xi0 ))∂i } is the radius vector.
When  and  are assumed to be known then equation (15) is used in order to evaluate . This  has to
satisfy the conditions of equation (16). What remains in this case is equation (13) which when solved renders
all the required s that should satisfy the algebraic constraints of equation (14). Essentially, in this case  is
the only unknown quantity and the conditions of equations (14)–(16) are integrability conditions.
Now we return to our approach. The starting point is the equation


(26)
dK = − CdC−1 ∧ K.
Certainly, it is of the form of equation (13). In place of  we have the uniform reference K, and the connection
forms are given as
 = CdC−1 ,
(27)
while for the torsion forms we have

 = 0.

(28)

When the symmetry group of the material is given we may evaluate the connection forms.
If we supplement equation (26) with the integrability conditions of the form of equations (14)–(16) we arrive
at the following system
dK = −(CdC−1 ) ∧ K,
 ∧ K = 0,



 

d CdC−1 = − CdC−1 ∧ CdC−1 + ,




d = − CdC−1 ∧  +  ∧ CdC−1 .

(29)
(30)
(31)
(32)

Using equation (31) we may evaluate the curvature form when the connection form is known. This curvature
form has to satisfy equation (32) identically. It remains for equation (29) to be solved for K. Finally, these
solutions should fulfil the algebraic constraint of equation (30). Thus the generic set of solutions for K is given
by the formula
K = A{d − H(θ ∧ d )},
(33)
where η = 0, since  = 0 and for the θ and

it holds
= H(A−1 K),
θ = H(A−1 A),

(34)
(35)

where  is found from equation (31) with known connection forms in equation (27).
To sum up, our system is given by equations (29)–(32) and the generic solution for the unknown K is given
by equation (33). So, when C ∈ C is specified we can evaluate the connection forms as  = CdC−1 and from
equation (31) we may evaluate the curvature forms that have to also fulfil equation (32). The solution for K is
then of the form of equation (33) and should also satisfy the algebraic constraint of equation (30).
Remarks
i.

It is perhaps interesting to note that the framework of Section 2 is valid not only for a solid body, but
for a materially uniform but inhomogeneous body of any kind.
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The form of our system, since the torsion forms are equal to zero, is essentially a seeking for recursive
forms K ∈ 13,1 [7].
It is perhaps interesting to note that we may recast the main idea of the manuscript using as primary
variable the curvature tensor. But, this approach is very difficult to tackle from the mathematical point
of view. To see this we recast the problem of determining all those uniform references that may be
healed by a known symmetry group in terms of the curvature tensor. The starting point is the relation
of the curvature tensor R with the connection  (these two quantities should not be confused with
the ones used in the exterior calculus language, for appropriate solderings have to be done before
juxtaposing them)
A
A
∂BC
∂DB
A
E
A
E
RABCD =
−
+ CE
DB
− DE
CB
.
∂X C
∂X D
This curvature tensor corresponds to the initial uniform reference K−1 . The connection in this case is


1 −1 AD
∂GCD ∂GDB
∂GBC
A
+
+
BC = G
−
,
2
∂X D
∂X B
∂X C
and the metric

G = K−T K−1 .

The action of the symmetry group according to equation (4), namely
K̂−1 = K−1 C,
C ∈ C being an element of the (continuous) symmetry group, gives a new connection ˆ and a new
curvature R̂. Since we assume the dislocations to be healed after the action of the symmetry group the
new curvature tensor should be set equal to zero, namely
R̂ = 0.

iv.

The last equation should be viewed as an equation for K−1 when the symmetry group of the material
is known. It will play the role of equation (12). The vanishing of the curvature consists of a non-linear
equation which is much more difficult to tackle from the mathematical point of view compared to the
one arising from adopting the exterior calculus formulation, even though it is an equivalent statement
of the problem.
In the above framework nothing is mentioned about the global or local nature of the uniform reference.
When the Ks have a global character then essentially we refer to the global homogeneity of the body [3].
In this case one may show that the general solution of equation (5) for K−1 consists of all expressions
of the form TC−1 , where T is the tangent mapping of a global body diffeomorphism, while C belongs
to the symmetry group. For the case of local homogeneity the uniform reference has a local character
thereby providing the possibility for more solutions.

3. Isotropic solid body
In this section we assume our body to be an isotropic solid. We present the solution of the mathematical
framework described in Section 2 for the case of an isotropic solid body.
For such a body we know that the symmetry group consists of all rotations for a material point. Thus we
have
C = {Q ∈ GL(3; R) : QT = Q−1 },
(36)
so, the symmetry group is the orthogonal group. The general linear group is denoted by GL(3; R). The orthogonal group is a connected and compact Lie group [14], so every element of this group has the representation
[8]
α
(37)
C = eu γ α ,
where γ α is a basis for skew matrices while uα is a system of canonical coordinates on a neighborhood of the
identity in the group.
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For the basis of the skew matrices we have



0 −1 0
0
0
0 ,γ2 = 0
γ1 = 1
0
0
0
1

0
0
0



−1
0
0 ,γ2 = 0
0
0

0
0
1


0
−1 .
0

(38)

Using the representation of equation (37) we may evaluate for C = Q [8]
dQQ−1 = λβρ (uα )duρ γ β ,

(39)

dQQ−1 = −QdQ−1

(40)

QdQ−1 = −λβρ (uα )duρ γ β .

(41)

so using the fact that
we obtain

Essentially, the inhomogeneity of the action of the Lie group stems from the inhomogeneity of the quantities
uα . Equation (41) above gives the connection forms for the isotropic solid body problem as follows
 = QdQ−1 = −λβρ (uα )duρ γ β .
Using this expression we evaluate for the curvature

 

 = d{QdQ−1 } + QdQ−1 ∧ QdQ−1 ,
the form
The equation that  should satisfy

(42)

(43)

 = 2λβρ (uα )λζ (uδ )duρ ∧ duζ γ β γ 

(44)





d = QdQ−1 ∧  +  ∧ QdQ−1

(45)

results in a set of constraints for λβρ as follows
∂λβρ

λ γ γ
μ ζ β 

∂u

+

λβρ

∂λζ
∂uμ

γ β γ  + 4λβρ λζ λνμ γ β γ  γ ν = 0.

(46)

What remains in order to find the solution for the uniform reference K is to evaluate the attitude matrix A.
For that purpose we use a standard theorem [7]. According to this theorem, since the connection
 = QdQ−1

(47)

take values in the Lie algebra of the orthogonal group, the attitude matrix belongs to the matrix Lie group of
rotations for every material point. So, it has the representation
α

A = eu γ α .

(48)

Thus, the solutions for K that may be healed in an isotropic body are given by the expression
α

K = eu γ α {d
where

− H(θ ∧ d )},

= H(A−1 K),
−1

θ = H(A A),

(49)
(50)
(51)

with  given by equation (44). To sum up, equation (49) gives the totality of all uniform references that may be
healed by the orthogonal symmetry group of an isotropic solid body. They should also satisfy the constraint
 ∧ K = 0.
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4. Conclusions and future work
The purpose of the present contribution is to examine the role played by the symmetry group in the uniqueness
of the uniform reference. Using standard notions from exterior calculus, we wrote down a system of exterior
differential equations. When the symmetry group is known, solving this system renders the totality of uniform
references that may cancel out. The generic solution of this system is given based on standard references on
exterior calculus [7]. We specialized to an isotropic solid body and gave the generic expression of the uniform
reference that may be healed in such a body.
The non-uniqueness that arises form the inhomogeneous action of the symmetry group calls for a theory
where invariant quantities are used. It seems that the gauge covariant derivative utilized in Edelen and Lagoudas
[8] has all the required properties for building up invariant – under the inhomogeneous action of the symmetry
group – quantities [15].
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